For a thin liquid lm moving down a slope, the lubrication approximation with a small Navier-Slip is used as a model. The travelling wave solution is derived for small inclination angle , using singular perturbation methods, and compared to the numerical solution. For the linear stability analysis we combine numerical methods with the long-wave approximation and nd a small but nite critical below which the ow remains linearly stable. This is contrasted with the vanishing of the hump of the travelling wave solution. Finally, this prevailing of linear stability of the travelling wave at small inclination angles is compared with recent related results using a precursor model instead. Here though, a dependency on the magnitude of the contact angle is found, which, we think, has not been observed before.
Introduction
The control of the behaviour of the three-phase contact line of a thin spreading uid sheet is most important in many industrial coating processes. Yet, the modelling of the three-phase contact line still remains physically not completely understood, and therefore, also the mechanisms underlying the eventual development of instabilities, such as nger or sawtooth patterns. One of the rst to experimentally observe these phenomena was Huppert 18] , and many researchers have investigated these since. As can be seen from further experimental work by Silvi 23 ], accurate measurements of uid properties such as uid depth, dynamic contact angle, contact line velocity, of a moving uid sheet also present di culties, in particular during the onset of the instability as well as for small inclination angles. Qualitatively, just before the onset of the instability a hump close to the contact line is observed and, depending if the size of the contact angle is small or large, either sawtooth patterns or nger patterns evolve. The main di erence between these patterns are that sawtooth patterns eventually lead to a complete coating while nger patterns leave dry or uncoated regions, the prediction and simulation of which may be important for industrial applications. One of the rst to model the spreading of a thin uid, driven by gravity was Greenspan 12] , who used the thinness of the lm to derive the more simpli ed yet still nonlinear lubrication approximation as the leading order problem for Ca 1, and introduces a slip function such that no singularity in the governing equation for the height of the lm occurs at the contact line. He also uses a contact angle model that yields, for small front velocities, a linear relationship between the slip velocity and the contact angle. Further studies, by slightly varying the contact angle model and slip function were done by Hocking 16 . Both models predicted a preferred wavelength of the linear stability to spanwise perturbations of the leading front and found good qualitative agreement in comparison to experiments. As the di erence of the ow patterns (sawtooth or ngers) is important for applications, so may be, we think, the possible prevailing of linear stability of the travelling wave at small enough contact angles. We address this question here. In our analysis we use a slip model and compare to recent predictions of 1]. There, a critical inclination angle was found below which the ow remained linearly stable. However, was above inclination angles for which instabilities still occur in experiments 1]. In the linear stability analysis of our model a critical angle was found as well, however it depended strongly on the value of the contact angle and became smaller for larger contact angles. Similary, there is a critical , also dependent on the contact angle, at which the hump of the uid sheet vanishes. Both functions are then compared and discussed. For these (typically) small inclination angles, numerical simulation become increasingly di cult. On the other hand, the fastest growing mode becomes very small in that range, so that it becomes useful to perform a long-wave analysis of the resulting eigenvalue problem. By improving our numerical code to a degree of accuracy so that the growth rates overlap with those predicted by the long-wave analysis, we obtain also in this extended range of small the growth rate as a function of the wave number for the complete range of wave numbers. Furthermore, the value of the growth rate in our long-wave analysis depends only on the behaviour of the nonlinear base state of the problem, i.e. the travelling wave solution. This however could be derived here analytically via matched asymptotics for small inclination angles, and good agreement with the numerical solution was found.
In this study, we rst use singular perturbation methods to derive the travelling wave solution and compare it to our numerical solution. Next we study the spanwise linear stability of this solution both numerically and then using long-wave analysis. Finally, these results are used to discuss occurence of linear stability for small but nite .
Formulation
We denote the spatial coordinates with x, y, z and the velocity withũ = hu; v; wi. Let a thin uid lm be initially put uniformly on an inclined plane. The physical situation of the thin lm moving down the inclined plane is depicted in Figure (1) . The origin of the coordinate system is supposed to be at the uid-air-solid contact line ?(t; y), and the lm of height h(x; y; t) extends to x = ?1.
The bulk of the liquid is governed by the continuity and the Navier-Stokes equation:
where , p and are the density, the pressure and the viscosity of the uid, respectively, g = (g sin ; 0; ?g cos ) and g the gravitational constant.
The equations at the liquid-gas interface are the kinematic condition, continuity of tangential stress and the pressure jump:
h t + h x u + h y v = w; ( where p A is the outside pressure (e.g. of air) and kj are the Kronecker delta symbols. In (2.5), we used a linearized expression for the surface tension, which is valid in view of the thin lm lubrication approximation which will be applied subsequently.
At the surface of the plate, we require impermeability and allow for a small slip in order to avoid the stress singularity at the moving contact line : (2:13) We assume that the uid is driven by a constant ow-rate Q 1 at x = ?1 Q 1 = gh 3 To O( ) we nd the solutions to the inner and outer problem, respectively : There is one exceptional case, for which m 0 = S =a = 1. 
Numerical Methods
We solved (3.7) { (3.11) numerically with a pseudo-spectral method based on expansions in Chebyshev-polynomials and, independently, a multiple-shooting code using the package MUMUS developped by Peter Hiltmann at the Technical University of Munich 15] .
The (?L) is not yet in the asymptotic regime so that jh tw (?L)j 1) may distort the result. On the other hand, large values of the cut-o parameter demand a penalty in time and/or accuracy. In the multiple-shooting method the third order ODE (3.7) was converted into a rst order system and (3.8) { (3.11) provided the necessary boundary conditions. Five to ten shooting points were used, and the integration of the initial value sub-problems performed through an embedded 7/8th-order Runge-Kutta-Fehlberg method. The step-size control of this initial-value solver produced, in e ect, a highly adapted grid. This choice of the grid and the restriction of the number of grid-points N to a power of two is mandated by the fast-Fourier transform which is used to perform the actual computation for the Chebyshev-expansions. It exhibits a strong bunching of the gridpoints near 1, but allocates enough resolution throughout the entire hump region to yield satisfactory results for moderate values of N (N 128).
Comparison with the Asymptotic Solution
The numerical solution of the travelling wave problem was compared to recent experiments by 22] and 23], and very good agreement was reported. There, the dynamic contact angle model hu; vij ? ñ ? = ( ? S ) m ; for the case m = 3 was studied but no relevant di erence was found when m = 1 for the experiments considered, due to di culties of measuring the dynamic contact angle to su cient accuracy. When we chose similar parameter values (for the case m = 1) but let be very small and such that we remain in the lubrication limit we found excellent agreement of our asymptotic and numerical travelling wave solutions. which is a necessary criterion, resulting from an analysis of solutions of the linearization of (3:7) far upstream, see appendix as well as 21]. In any case we expect an accurate capture of the oscillatory behaviour only to be possible when the next order of our expansion has been matched, where the outer problem also balances the third derivative term. Note, that eventually, if is decreased even further, we also nd the zeroeth order solution and the numerical solution in complete agreement. , that s(k) increases from zero to a maximum value s max and decreases again to zero at a certain k = k z as k increases from zero to k z . Here we wish to study the behavior of this function when we change the physical parameters, in particular when we decrease . We nd that s max also decreases as well as the location of the maximum k max . We are interested in the value of for which s max reaches zero. This however presents eventually a problem in numerical accuracy as and s max become exceedingly small. We therefore seek the asymptotic behavior of s(k) for small k and "match" this to the numerical solution for larger k. The assumption that k is small, i.e. the wavelength of the disturbance becomes large, simpli es above eigenvalue problem (4:4) ? (4:13) considerably. First note that k appears in the problem only as k 2 and we make thus the following ansatz : This we can calculate asymptotically for small .
Numerical Methods
For the numerical solution of (4.4) { (4.13), we represented the boundary conditions (4.5) and (4.6) by an equivalent pair composed of (4. Since (4.5) is only a normalization condition for the eigenfunction, we can drop it for the essential numerical calculations, so that the remaining set of equations determines h 1 only up to a constant factor.
We solved the resulting eigenvalue problem as follows. The semi-in nite intervall was as the threshold above which round-o errors must be expected to corrupt the numerical data. This value ts in nicely with our observations. Unfortunately, the accuracy obtained for the highest possible N = 128 was not su cient to generate reliable s(k) plots for all interesting values of . Especially near the point of stability transition, the quality of the plots was so poor that no agreement with the long-wave predictions was achieved.
To enable the use of higher resolution, i. e. higher values of N, we opted for higher precision arithmetics by using the quadruple precision (QP) oating point libraries of a SUN workstation. Since these are implemented in software, the pseudo-spectral code had to be redesigned to keep the computation time acceptable. The precision sensitive part turned out to be problem independent and could be done once and for all for each value of N, such that it could be retrieved for the problem-speci c calculations, which were carried out in hardware-supported, i.e. fast, DP arithmetics. Except for the one-time generation of the problem independent QP data, and the fact that computing the eigenvalues of the matrices for larger N took considerably longer, no extra penalty in computation time was paid. For further details, see 26].
5 Numerical and Asymptotic Results
The growth rate s(k) is shown in gure 5, for a = 0:35, d 2 = 0:003, S = 0:5, = 0:03 and D 1 = 1, and compared to results from long-wave analysis. In order to illustrate that the approximation is very good for small k, gure 5 depicts the log-log comparison.
As the inclination angles get smaller, the maximum growth rate s max decreases, as well as the maximum wave number k max . However, a similar scenario can be seen when the contact angle is varied. This behavior can be seen in gures 6 ? 8, where we x in each gure and plot the growth rate versus wave number for di erent S =a. We observe, that for xed the point (k max ; s max ) moves further towards the origin as S =a get smaller, as was the case for xed S =a and decreasing . This leads us to the problem to determine, for a xed S the inclination angle for which the ow is linearly stable. Here, we take up the apparent paradox exposed by Bertozzi and Brenner 1], who studied the problem of linear stability and found such great a value of , that it contradicted experimental observations. They used a precursor model, which is the limiting case of completely wetting uids. We nd in our analysis, that to each xed S there is a critical . The value of decreases as S increases. However, one can also observe from gures 2 ? 4, that the hump height decreases as decreases, as does the maximum growth rate in the corresponding curves of gures 6?8. We then tried to relate vanishing of the hump with the linear stability of the ow. In gure 9 we compare the function for the critical , for which the ow becomes stable, with the critical where the hump vanishes. We observe that, indeed, the ow stabilizes at a nite , which decreases though as S increases. A similar behavior is seen for the vanishing of the hump. There is considerable discrepancy between the critical , where the hump vanishes and where the ow is stable, which is expected from formula (4:19). Interestingly though, as S increases, these curves move closer together. This behavior, to our knowledge has not been observed before, and it would be interesting to obtain experimental comparisons. We also note here, that the in uence of varying D 1 is very small for small S , as can be seen from gure 10, but acts as a more destabilizing contribution as S increases. In order to predict the behavior for larger S we would eventually have to leave the lubrication limit. However, we think the indication that the discrepancy between these two curves decreases, while both curves approach ever smaller values of , may hint towards di erent underlying physical mechanisms as the dominant causes of the instability. It should therefore be interesting to investigate these curves as S increases beyond the values allowable for the lubrication limit, and determine if and for which S linear stability theory is su cient to describe the instability. For small S though there remains a problem. If we look at gure 9 and depict the point, where e.g. S ' 0:1, which is about 6 o , we nd a corresponding of about 3:8 o . However, that lies in the range of values of , for which ngers have experimentally been observed. Bertozzi and Brenner 1] resolved this problem by using the method of transient growth, resulting from a disturbance in the precursor lm. We believe it might be interesting in our situation to investigate the possibility of subcritical modes, which might destabilize the ow and hope that a weakly nonlinear stability analysis might be enough to explain the discrepancy of experiment and predictions of linear stability theory. 6 
Conclusions
In order to shed light on the underlying physics of the linear stability problem below , 1] employed the method of transient growth. For small contact angles, we are presently investigating the weakly nonlinear stability problem involving a Kuramoto-Sivashinski type equation. In order to capture the behaviour of for larger contact angles, one would eventually need to relax the lubrication approximation, as was done by 10] who numerically solved the Stokes ow with no-slip for the base state. We hope, that for small inclination angles, a combination of matched asymptotics and long-wave approximation might give further insight into the relationship between and S . 
